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All plate theories allow for an approximate evaluation of the stress ﬁeld in the associated three-dimensional plate-like
bodies. We here show how such an approximation can be bettered by an appropriate use of the reactive stress ﬁelds that
maintain in the three-dimensional body the kinematical constraints implicit in the formulation of a given plate theory. In
particular, we discuss transversely extensible, linearly elastic plates and Reissner–Mindlin plates, two theories where the
built-in second-order internal constraints turn out to be of importance to improve the evaluation of the stress ﬁelds in the cor-
responding three-dimensional bodies. In addition to arguing our point of view in general, we work out a few explicit exam-
ples, both analytically and numerically.
 2006 Elsevier Ltd. All rights reserved.
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Suppose a displacement boundary-value problem in three-dimensional linear elasticity is formulated for a
body in the form of a right cylinder C of cross-section S and height 2h. Suppose further that, the ratio
2h=diamðSÞ being small and the problem diﬃcult, one decides to solve instead a corresponding two-dimen-
sional plate problem. The formulation of the latter within anyone of the classical plate theories begins by a
kinematical Ansatz: a simpliﬁed parametric form is a priori stipulated to be a suitable approximation for the
three-dimensional displacement. The 3D-to-2D passage is eﬃciently performed by the use of a virtual
working format, with the virtual velocities chosen consistent with the Ansatz. In this way, equivalence
relations emerge, mapping inﬁnitely many pointwise assignments of 3D data (applied loads, boundary0020-7683/$ - see front matter  2006 Elsevier Ltd. All rights reserved.
doi:10.1016/j.ijsolstr.2006.06.012
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and combination of the 3D constitutive equation with the deﬁnition of the 2D stress measures, followed by
insertion into the balance laws, yields the displacement balance equations of the plate theory based on the
stipulated kinematical Ansatz.
Once the solution of the plate problem is available, one can reconstruct from it a 3D elastic state in C,
that is to say, a triplet consisting of displacement, strain and stress ﬁelds over C. Such an elastic state is
compatible with one set of 3D data; this set belongs necessarily to the same equivalence class as the original
3D set, and yet it can diﬀer remarkably from it when a pointwise comparison is made (see the examples in
Subsection 3.5). Nothing can be done to improve the approximation of the 3D displacement and strain
ﬁelds, and displacement boundary conditions, achievable within a given plate theory. But, and this is the
issue we concentrate on in this paper, the pointwise approximation of the 3D stress ﬁeld can be substantially
bettered if the reaction stresses associated with the internal constraints implicit in the kinematical Ansatz are
taken into account; and the pointwise approximation of both applied loads and traction boundary conditions
can be correspondingly bettered.
The idea is not new: for Kirchhoﬀ–Love plates, it has been advanced ﬁrst in Podio-Guidugli (1989), where
the role of the reactive stress ﬁeld associated with the simple internal constraint implicit in the Kirchhoﬀ–Love
representation of the three-dimensional displacement has been pointed out. What is new here is the applica-
tion to plate theories based on more general a kinematics than Kirchhoﬀ–Love’s, a kinematics that, although
not excessively detailed (as is appropriate for an approximation), calls for consideration of simple and nonsim-
ple internal constraints, with accompanying reactive stress ﬁelds and reactive hyperstress ﬁelds, whose beneﬁcial
role we demonstrate, both in general and per exempla.
A search of the literature for methods similar to ours ends up with no results. When there is a need to
improve the accuracy of the predictions about the three-dimensional stress ﬁeld made possible by the plate
theory one is using, not much can be done: leaving out a recourse to a full-ﬂedged three-dimensional numerical
study – what would make the use of any plate theory vain – there seem to be no other possibility than looking
for a more accurate plate theory than the one at hand. For example, Noor and Malik (2000) review ﬁve mod-
eling approaches for stress analysis of laminated composite panels, including four two-dimensional models,
each with ﬁve parameter ﬁelds to characterize the deformation, and a predictor–corrector approach with 12
parameter ﬁelds. A comparison with the three-dimensional solutions of the diﬀerent approximations achiev-
able with those ﬁve approaches for the thickness distributions of transverse shear and normal stresses reveals
that ‘‘the predictor–corrector approach’’ (as is to be expected due to its larger number of parameters) ‘‘appears
to be the most eﬀective technique for obtaining accurate transverse stresses’’; and that ‘‘none of the two-
dimensional models is adequate for calculating transverse normal stresses, even when used in conjunction with
three-dimensional equilibrium equations’’.
The approximation method we here propose is in a sense intrinsic to the deduction from a three-dimen-
sional parent theory of most plate models, and as such – so we feel – adds to the signiﬁcance of the deduction
itself. Interestingly, an explicit analytical evaluation of the corrections to the plain plate-theory approximation
of the three-dimensional stress ﬁeld is as a rule possible.
2. Summary of contents
Our paper is organized as follows: the next long section serves to motivate our search for the best approx-
imate stress ﬁeld in a linearly elastic plate-like body; there are then two parts, each consisting of three sections,
a conclusive section, and an Appendix.
In Section 3, we consider in detail certain axisymmetric equilibrium problems for plate-like circular cyl-
inders and the associated center-symmetric problems for circular plates; this we do because the inherent
symmetries of such problems allow us for comparisons based on their explicit analytical solutions. Start-
ing from the Reissner–Mindlin solution of a given plate problem, and presuming a transversely isotropic
response of the cylinder with respect to its axis, we construct the corresponding three-dimensional elastic
state in the cylinder, in particular, the corresponding displacement and stress ﬁelds; and we determine
what boundary displacements and what distance and contact loads are consistent, respectively, with such
displacement and stress ﬁelds. This procedure individuates a class of exact plate-like problems, that is to
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lem. Next we consider two examples: in the ﬁrst, where the plate is simply supported and subject solely to
uniform peripheral bending couples, we ﬁnd that the elastic state in the cylinder is compatible both with
null distance loads and with boundary tractions matching physical intuition better and better as the cyl-
inder’s thickness diminishes; in the second example, where the plate is simply supported and subject to
uniform transverse loads, we ﬁnd that, for the cylinder to be in equilibrium, nonnull distance and contact
loads are needed that are intuitively unpredictable, thus calling for a better pointwise estimate of the
stress ﬁeld.
The second part consists of Sections 4–6. In the ﬁrst of these, we discuss the kinematical restrictions char-
acterizing the two plate theories we consider in this paper, namely, the theory of plates that can undergo exten-
sional, ﬂexural, shear, and thickness deformation proposed by DiCarlo et al. (2001), and the classic theory of
shearable plates due to Reissner (1945) and Mindlin (1951). We refer to these theories as to, respectively, the
theory of transversely extensible plates and that of transversely inextensible plates. We argue that certain sec-
ond-order internal constraints, to be maintained by appropriate reactive hyperstresses, play an important role in
both theories. We are therefore driven to include, in Section 5, a short, reasonably self-contained presentation
of the constitutive and equilibrium equations of linearly elastic constrained materials, with special attention to
those of second grade, for which second-order internal constraints make sense. In Section 6, we complete our
deduction of the above plate theories by deriving the respective equilibrium equations in terms of displace-
ments from a partwise statement of a three-dimensional virtual working principle, in which the virtual veloc-
ities are chosen consistent with the admissible kinematics.
The third and last part consists of Sections 7–9, and is followed by Section 10, where we brieﬂy wrap up
our main ﬁndings, and by an Appendix. In Section 7, for transversely extensible plates of arbitrary cross-
section and subject to general loads and boundary conditions, we construct the three-dimensional elastic
state corresponding to an equilibrium solution, in a manner completely analogous to that we displayed
in Section 3 for circular Reissner–Mindlin plates being simply supported and center-symmetrically loaded.
We also determine what boundary displacements and distance and contact loads correspond pointwise to
such an elastic state; hence, this time in general, we individuate a class of three-dimensional problems
exactly solvable by solving a transversely extensible plate problem. As made evident by the second example
in Section 3, it is not to be expected that a set of assigned three-dimensional load data, in addition to being
ﬁberwise equipollent to, coincide everywhere with one of those yielding exact plate-like problems.1 Thus, as
to matching the actual load data pointwise, the approximation of the stress ﬁeld attainable by means of a
plate theory is generally poor. In Section 8, with a view toward deriving a better approximation, we intro-
duce two families of linearly elastic second-grade materials for which the hyperstress is purely reactive, so
that the principle of virtual working leads to the same plate equations as for a standard ﬁrst-grade mate-
rial. The materials in the ﬁrst family are transversely extensible, those in the second are not, as is appro-
priate in a theory like Reissner–Mindlin’s, whose kinematics implies inextensibility of transverse ﬁbers. In
both cases, we derive general expressions for the admissible ﬁelds of reactive stress and hyperstress. Finally,
in Section 9, we consider two examples of axisymmetrically loaded circular cylinders made of a transversely
inextensible linearly elastic material. The Reissner–Mindlin plate corresponding to the ﬁrst is clamped over
the contour and uniformly loaded. We compute the three-dimensional stress associated with the Reissner–
Mindlin solution, and we ﬁnd that the reactive stress maintaining the ﬁrst-order constraint of ﬁber inex-
tensibility is insuﬃcient to compensate the pointwise discrepancies with the three-dimensional equilibrium
conditions; we also ﬁnd that perfect compensation is achieved by taking into account also the reactive
hyperstress maintaining the second-order constraint of ﬁberwise homogeneous deformation. Our second
example concerns a circular cylinder loaded as required to obtain an exact three-dimensional equilibrium
solution of the type proposed by Levinson (1985) for cylinders with rectangular cross-section; such a solu-
tion is worked out in Appendix. The corresponding Reissner–Mindlin plate is simply supported and subject
to both a radially-dependent, transverse surface load and a uniform bending couple along the contour.
Consideration of the reactive (stress and) hyperstress, in addition to the three-dimensional stress associated1 Two force-like vector ﬁelds are said to be ﬁberwise equipollent when their zeroth and ﬁrst integral moments over a ﬁber are the same.
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end faces of the cylinder; on the mantle, however, nothing better than ﬁberwise equipollency can be
achieved.
3. Motivation: circular plates vs. circular cylinders of modest height
A plate is a two-dimensional ﬂat body, whose mechanical behavior is meant to approximate the behavior of
a corresponding three-dimensional plate-like body, that is to say, a right cylinder C of modest height, whose
cross-section S is a copy of the point set the plate occupies. There are various, diﬀerent ways to formulate a
plate theory, quickly reviewed by DiCarlo et al. (2001). We list here below an advisable sequence of steps to
take when deducing a plate theory from a three-dimensional parent theory.
3.1. The virtual working way to construct plate theories
Firstly, as anticipated, a parametric kinematical Ansatz should be made, so as to restrict the class of admis-
sible deformations to those regarded peculiar of plate-like bodies. Such a partial prescription of the kinematics
opens the way to a restricted formulation of a three-dimensional partwise virtual working principle, where the
test velocities are taken in the tangent space to the manifold of admissible displacements. From such a prin-
ciple, by exploiting the specialty in shape and partitionability of a plate-like body (whose subbodies must be
plate-like as well), a two-dimensional partwise virtual working principle is obtained. Then, integration by parts
followed by localization yields the two-dimensional pointwise balance equations of the plate theory at hand,
both at internal points and at boundary points of the ﬂat region S.
A well-known virtue of proceeding from a three-dimensional virtual working principle is that it auto-
matically generates as many balance equations as the parameter ﬁelds in the kinematical Ansatz. These
balance equations come out in terms of two-dimensional load descriptors and of two-dimensional stress
measures.
The load descriptors at a typical point of the plate are deﬁned so as to expend there the same power
the given three-dimensional loads expend over the transverse material ﬁber through that point, for each
virtual velocity ﬁeld compatible with the kinematical Ansatz. Therefore, and this is an unavoidable limi-
tation when proceeding from a three-dimensional virtual working principle, one set of load descriptors
accounts for an equivalence class of equipowerful three-dimensional loads, a class rich of inﬁnitely many
elements.
The stress measures are deﬁned as thickness averages of the three-dimensional stress ﬁeld; on choosing a
(not necessarily elastic!) three-dimensional material response compatible with the prescribed kinematics,
one quickly arrives at two-dimensional constitutive equations.
When such two-dimensional constitutive equations are inserted into the two-dimensional balance equa-
tions, a system of partial diﬀerential equations for the parameter ﬁelds entering the kinematical Ansatz
obtains, susceptible of a unique solution (if standard assumptions guaranteeing existence and uniqueness
within the parent three-dimensional theory prevail, then the deduced two-dimensional theory is likely to
inherit these well-posedness features). This concludes the generating procedure of a plate-theory approxima-
tion u for the displacement ﬁeld u in a plate-like body subject to given boundary conditions.
3.2. The linearly elastic case
Let us now concentrate on the case when the three-dimensional parent theory is linear elasticity, the only
case considered in this paper. Let fu;E;Sg be the (generally unknown) elastic state solving a given boundary-
value problem, whereE ¼ EðuÞ :¼ symru
is the strain ﬁeld and, for C the elasticity tensor,S ¼ SðuÞ :¼ C½EðuÞ
M. Lembo, P. Podio-Guidugli / International Journal of Solids and Structures 44 (2007) 1337–1369 1341is the (symmetric-valued) stress ﬁeld. Moreover, let {u,E,S}, with E = E(u) and S = S(u), be the approximat-
ing elastic state constructed on the basis of the solution u of the associated plate problem.2 We reiterate that
the main purpose of this paper is to show that, although the approximations u,E of the exact displacement and
strain ﬁelds u;E cannot be bettered (unless, perhaps, a diﬀerent Ansatz is chosen, more encompassing but
inherently more complicated), much can be done as to approximating the exact stress ﬁeld S in a better
way than simply by means of the ﬁeld S. One might ask: Is there such a need?
To answer this question in the aﬃrmative, and hence to motivate our present work, it helps to pause and con-
sider cases when both a given plate problem and the related three-dimensional problem(s) have symmetries suﬃ-
cient to allow for explicit conclusions. Precisely, we consider twoplate problems posited on a diskS of given radius
R andwith center-symmetric distance load and boundary data; for each of these problems, (i) we exhibit the solution
within theReissner–Mindlin plate theory; (ii) we construct the corresponding 3D axially symmetric elastic state in a
right cylinderC of height 2h and cross-sectionS; (iii) we determine the associated 3D distance load and boundary
data. We then see that such 3D load and data, although equivalent in an integral sense to those for the plate
problem we started with, may turn out to be surprisingly diﬀerent, locally, from one’s guess and expectation.
3.3. Circular Reissner–Mindlin plates
The geometric and material data entering the Reissner–Mindlin plate theory (Reissner, 1945; Mindlin,
1951) are the thickness parameter h and three material moduli; we choose the latter to be the moduli E,m
appearing in the formula for the plate’s bending stiﬀness2 Th
in the
3 ThD :¼ E
1 m2
2
3
h3; ð1Þand the transverse shearing modulus l^. For circular plates with center-symmetric data, the two equilibrium
equations of the theory are:D
2h
ðr1ðruÞ;rÞ;r  l^ðu;r þ uÞ þ t ¼ 0; ð2Þ
l^r1 rðu;r þ uÞð Þ;r þ
q
2h
¼ 0; ð3Þand are to hold for each r 2 ]0,R[; the ﬁelds t and q account for the applied distance loads. The admissible
boundary conditions are as follows:
for r = R, either the one or the other, but not both, of the factors in each of the productsuðu;r þ uÞ and uðu;r þ mr1uÞ ð4Þ
can and must be assigned.3
3.4. Reissner–Mindlin states in circular cylinders
The Reissner–Mindlin scalar ﬁelds u and u parametrize the following representation formula:uRMðr; #; zÞ ¼ uðrÞez þ zuðrÞerð#Þ; ð5Þ
intended to give the displacement ﬁeld in the closure of the cylinder C, whose points are identiﬁed with the
elements of the setfðr; #; zÞ 2 ½0;R½½0; 2p½  h;þh½ge cartesian components of E and S are:
Eij ¼ 1
2
oui
oxj
þ ouj
oxi
 
¼ 1
2
ðui;j þ uj;iÞ; Sij ¼ CijhkEhk ;
latter case, Einstein’s convention of summation over repeated indices has been adopted.
ese equations are special cases of the general equations for Reissner–Mindlin plates, to be derived in Subsection 6.3.
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mental presumption of the Reissner–Mindlin theory, displacement ﬁelds of type (5) eﬃciently approximate the
solutions of a rather large class of three-dimensional problems posited on a cylindrical domain C, provided
that the body comprising C be homogeneous and that the material be linearly elastic and transversely isotropic
with respect to the axial direction.
Remark. The displacement solutions of axially symmetric flexure-like equilibrium problems posited on C have
the following general representation:uðr; #; zÞ ¼ aðr; zÞez þ bðr; zÞerð#Þ; aðr; zÞ ¼ aðr;zÞ; bðr; zÞ ¼ bðr;zÞ: ð6Þ
The Reissner–Mindlin displacement ﬁeld is the particular case of (6) that obtains foraðr; zÞ ¼ uðrÞ; bðr; zÞ ¼ zuðrÞ:
This choice reﬂects a basic a priori estimate for the thickness dependence of the solutions to problems in the
speciﬁed class, an estimate that subsumes that the ratio h/R be small.
Recalling the deﬁnition of the three-dimensional inﬁnitesimal strain tensor:EðuÞ ¼ 1
2
ðruþruTÞ; ð7Þwe ﬁnd that the strain associated with the displacement ﬁeld (5) is:ERM ¼ ðu;r þ uÞsymðer  ezÞ þ zðu;rer  er þ r1ue#  e#Þ; ð8Þ
the corresponding constitutively determined, and hence symmetric-valued, Reissner–Mindlin stress ﬁeld is:SRM ¼ 2l^ðu;r þ uÞsymðer  ezÞ þ z E
1 m2 ððu;r þ mr
1uÞer  er þ ðmu;r þ r1uÞe#  e#Þ ð9Þ(we have here made use of formula (78) below). We refer to the triplet of ﬁelds {u,E,S}RM speciﬁed by, respec-
tively, (5), (8) and (9) as to a (constitutively determined) Reissner–Mindlin state for the cylinder C.
3.5. Three-dimensional equilibrium problems susceptible of an exact Reissner–Mindlin solution
The contact action associated with a stress ﬁeld S in a body B is:cS :¼ Sn with n the outer normal to the boundary oB of B;
the distance action isdS :¼ DivS in the interior of B:
In view of these general deﬁnitions, with the use of (9) we ﬁnd thatcSRMðr; #;hÞ ¼ SRMðr; #;hÞez ¼ l^ðu;r þ uÞjrerð#Þ ð10Þ
on the top and bottom ends S :¼S fhg of C; thatcSRMðR; #; zÞ ¼ SRMðR; #; zÞerð#Þ ¼ l^ðu;r þ uÞjRez þ z
E
1 m2 ðu;r þ mr
1uÞjRerð#Þ ð11Þon the mantleM :¼ oS ½h;þh
of C; and thatdSRMðr; #; zÞ ¼ z
E
1 m2 ðr
1ðruÞ;rÞ;r

r
erð#Þ  l^r1ðrðu;r þ uÞÞ;rjrez ð12Þin the interior of C.
We are now in a position to determine how to assign the data in order to formulate a class of boundary-
value problems of three-dimensional linear elasticity, posited on the cylinder C, which admit an exact
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ited on the disk S.
As to boundary conditions, relations (10) imply that the loads c+ and c applied on, respectively, Sþ and
S must be radial and satisfy the following conditions:cSRMðr; #;hÞ ¼ cðr; #Þ; cþðr; #Þ þ cðr; #Þ ¼ 0: ð13Þ
Moreover, on the lateral surface, the duality between the displacement vector u(R,#,z) and the traction vector
S(R,#,z)er(#) implies, with the use of relations (5) and (11), that either the one or the other, but not both, of
the factors can and must be assigned in each of the productsuðu;r þ uÞ and ðz2uÞðu;r þ mr1uÞ
for r = R and z 2 [h,+h] (cf. relations (4)).
As to distance loads, relations (12) imply that the applied distance loads must have the formdðr; #; zÞ ¼ zdrðrÞerð#Þ þ dzðrÞez:
Interestingly, equating dSRM and d yields the equilibrium equationsE
1 m2 ðr
1ðruÞ;rÞ;r þ dr ¼ 0; ð14Þ
l^r1ðrðu;r þ uÞÞ;r þ dz ¼ 0: ð15ÞOn settingð2hÞdz ¼ q; ð16Þ
Eqs. (3) and (15) become identical. To identify Eqs. (2) and (14) requires a little more work; with the use of (1)
and (13), we ﬁnd that we have to choose dr so as to satisfy1
3
h2dr þ cþ  er ¼ t: ð17ÞAt this point, it is instructive to consider two examples. In both cases, the boundary condition associated with
the ﬁrst product in (4) is chosen to beuðRÞ ¼ 0: ð18Þ3.5.1. Plate subject to peripheral bending couples
Take both t and q in the equilibrium equations (2) and (3) to be identically null, and let the external actions
applied over the boundary of S be uniform bending couples per unit length e3 · m, withmð#Þ ¼ merð#Þ; # 2 ½0; 2p½; m > 0:
Then, the boundary condition associated with the second product in (4) isðu;r þ mr1uÞjR ¼ D1m: ð19Þ
As is well known, in terms of the bending momentMrr :¼ Dðu;r þ mr1uÞ;
this boundary condition reads:MrrðRÞ ¼ m:
It is not diﬃcult to show that the only bounded solution of the homogeneous Reissner–Mindlin problem (2),
(3) satisfying the boundary conditions (18), (19) generates the following displacements ﬁeld in the cylinder
C:uRMðr; #; zÞ ¼ mDð1þ mÞ
1
2
ðR2  r2Þez þ zrerð#Þ
 
: ð20Þ
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ﬁeld in C:SRMð#; zÞ ¼ 3m
2h3
zðerð#Þ  erð#Þ þ e#ð#Þ  e#ð#ÞÞ:Being divergenceless, this stress ﬁeld is compatible with identically null volume loads in the cylinder C. In fact,
since we also ﬁnd thatcSRM  0 over Sþ [S; ð21Þ
(16) and (17) are satisﬁed by taking both dz and dr identically null. Finally, we ﬁnd thatcSRM ¼
3m
2h3
zerð#Þ over M: ð22ÞThus, the displacement ﬁeld (20) is the exact three-dimensional solution to the equilibrium problem where the
cylinder C is subject to null volume load, the place condition (18) (now prevailing all over M), and traction
conditions in agreement with (21) and (22) (see Fig. 1).
In this example, the construction of three-dimensional data ﬁelds in C on the basis of the Reissner–Mindlin
solution of a given problem inS has led to a cylinder problem that, when the cylinder’s thickness is moderate,
looks reasonably close to the plate problem we begun with: at any point x = p + zez, z 2 [h,+h], of the trans-
verse ﬁber of C through a point p of S, no matter whether p be an interior point or a point of oS, the data
diﬀer little from the data assigned at p when formulating the plate problem. This is not the case in our next
example.
3.5.2. Plate subject to uniform transverse load
Assume now that the plate is subject to a uniformly distributed loadq^ðr; #Þ  q; t^ðr; #Þ  0; ð23Þ
and that the boundary condition (18) is supplemented by the further conditionðu;r þ mr1uÞjR ¼ 0;
implying that the bending moment be null all over the plate’s periphery, along which a uniform reactionr ¼ 1
2
qRez; ð24Þbalances the applied load.
The displacement ﬁeld in C, deducible from solving problems (2) and (3) in this case, is:uRMðr; #; zÞ ¼ q 1
8hl^
þ R
2ð5þ mÞ
64Dð1þ mÞ 
r2
64D
 
ðR2  r2Þez þ z qr
16D
3þ m
1þ mR
2  r2
 
erð#Þ; ð25ÞFig. 1. Plate subject to peripheral bending couples.
Fig. 2. Plate subject to uniform transverse load.
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32h3
ð3þ mÞðR2  r2Þerð#Þ  erð#Þ þ z 3q
32h3
ð3þ mÞR2  ð1þ 3mÞr2 e#ð#Þ  e#ð#Þ
 qr
4h
ðerð#Þ  ez þ ez  erð#ÞÞ:It can be easily checked that this stress state induces the following distance and contact actions:dSRM ¼
q
2h
ez þ z 3qr
4h3
erð#Þ in C; ð26Þ
cSRM ¼ 	
qr
4h
erð#Þ on S
¼  qR
4h
ez on M: ð27ÞNote that, in view of (23), (26) and (27), both relations (16) and (17) are satisﬁed. Note also that relations (24)
and (27) are consistent, becauser ¼ ð2hÞcSRM jM: ð28ÞWe conclude that the displacement ﬁeld (25) is the exact three-dimensional solution to the equilibrium prob-
lem where, as sketched in Fig. 2, the cylinder C is subject, in addition to the place condition (18) over the man-
tle, to distance loads and contact loads in agreement with, respectively, relations (26) and (27).
This example demonstrates that, within the equivalence class of all cylinder problems whose data corre-
spond to a given plate problem in the sense we have indicated, the one conceivably closest to that plate prob-
lem may well happen to have odd-looking pointwise data, whose distribution is far from being typical of the
equivalence class at hand under almost all possible respects.4. Transversely extensible plates: kinematics
As we pointed out before, standard deductions of plate theories from three-dimensional elasticity begin by
restricting attention to a class of bodies being special under three diﬀerent respects: ﬁrstly, such bodies are spe-
cial by their own shape; secondly, by their partitionability, i.e., by the shape of their typical parts; and, thirdly,
by their admissible kinematics, i.e., by the kind of deformations they can undergo.
Shape. A plate-like material body in a natural state is identiﬁed with the plate-like region it occupies,
namely, a right cylinder C of the three-dimensional Euclidean space E. Let (x1,x2,x3) denote the coordinates
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erators of C. Then,4 PieC ¼ fx 2 E : x ¼ p þ x3e3; S 3 p ¼ oþ x1e1 þ x2e2; h < x3 < þhg;
where the cross-section S is an arcwise connected open region of x3 = 0 with a smooth boundary oS.
4
Partitionability. Three-dimensional balance statements are not quantiﬁed as to hold for parts of arbitrary
shape and size; instead, they are assumed to hold only for those parts P of C being themselves plate-like
regions: a typical such part isP ¼T  h;þh½ ð29Þ
with T an open connected part of S with a smooth boundary oT.
Admissible kinematics. In this paper, we require the deformations of material ﬁbers parallel to the axis of C
to be homogeneous, in the sense that the directional derivative of the displacement ﬁeld u along any given axial
ﬁber is taken constant along that ﬁber. This kinematical Ansatz, while simple, is general enough to include all
classical linear plate theories as special cases. One way to express it is:u;33 ¼ 0; ð30Þ
another equivalent way is to take u in C of the formuðxÞ ¼ u^ðpÞ þ x3uðpÞ; ð31Þ
parametrized by the mappings u^ and u deﬁned over S. It follows from the representation (31) that the dis-
placement gradient reads:ru ¼ u;i  ei ¼ u^;a  ea þ u e3 þ x3u;a  ea; ð32Þ
where use has been made of the summation convention, with the agreement that Latin and Greek indices have
ranges {1,2,3} and {1,2}, respectively. The inﬁnitesimal strain tensor corresponding to (31) may be written asEðxÞ ¼ Eð0ÞðpÞ þ x3Eð1ÞðpÞ ð33Þ
withEð0Þ ¼ Eð0Þðu^;uÞ ¼ 1
2
ðu^;a  ea þ u e3 þ ea  u^;a þ e3  uÞ; ð34Þ
Eð1Þ ¼ Eð1ÞðuÞ ¼ 1
2
ðu;a  ea þ ea  u;aÞ: ð35ÞThe components Eij = E Æ ei  ej of the strain are:
Eab ¼ Eð0Þab þ x3Eð1Þab ¼ 12ðu^a;b þ u^b;aÞ þ x312ðua;b þ ub;aÞ; ð36Þ
Ea3 ¼ Eð0Þa3 þ x3Eð1Þa3 ¼ 12ðua þ u^3;aÞ þ x312u3;a; ð37Þ
E33 ¼ Eð0Þ33 ¼ u3: ð38ÞEqs. (36)–(38) show that a plate-like body whose deformations are restricted by the prescription (30) may expe-
rience extensional, ﬂexural, shear, and thickness deformations (DiCarlo et al., 2001); we shall refer to a plate
theory corresponding to such transversely extensible bodies, when their response is linearly elastic, as to a the-
ory of transversely extensible plates.
In the Reissner–Mindlin theory of plates, the axial ﬁbers of cylinder C are thought of as subject, in addition
to (30), to a prescription precluding their extension, namely,u;3  e3 ¼ 0: ð39Þ
It follows from (30) and (39) thatu3 ¼ u  e3 ¼ 0; ð40Þcewise smooth boundaries oS could be treated at the expenses of formal complications that we here choose to avoid.
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in the place of (37) and (38).
Eqs. (30) and (39) are expressions of internal constraints, of diverse diﬀerential order: respectively, second
and ﬁrst. All internal constraints aﬀect material response, in a manner which depends, among other things, on
their order. In Section 5, for the reader’s convenience, we quickly review some more or less well-known con-
sequences of the presence of internal constraints in an elastic material.
5. Background digression: linearly elastic materials subject to internal constraints
5.1. Simple materials subject to simple constraints
In linear elasticity, a simple internal constraint (see, e.g., Podio-Guidugli, 2000, Sect. 17) is a restriction on
the possible values of the strain E, expressed by a constraint equation of the typecðEÞ ¼ 0:
When a linearly elastic material body is subject to simple internal constraints, the constraint equations deter-
mine, in the space Sym of all symmetric second-order tensors, a subspace D in which E must lie for every
admissible deformation of the body. Moreover, the stress S decomposes into the sum of a reactive part
and an active part. The reactive part SR is given the role of maintaining the constraints while doing no work
in each admissible deformation; hence, it is supposed to belong to D?. The active part SA is determined by the
deformation through a constitutive equation; a normalization condition is often stipulated, requiring that
SA 2 D. Consequently,S ¼ SA þ SR with SA ¼ C½E; SR 2 D? ð41Þ
with the elasticity tensor C a linear transformation of D into itself.
Eq. (39) exempliﬁes a simple internal constraint, namely, inextensibility in the e3-direction:E  e3  e3 ¼ 0; ð42Þ
the corresponding reactive stress isSR ¼ re3  e3 ð43Þ
with r a constitutively undetermined scalar.
5.2. Second-grade materials
Restrictions on displacement gradients higher than the ﬁrst set nonsimple internal constraints on possible
motions. Such constraints, which do not make sense for simple materials, are meaningful for nonsimple mate-
rials (see Toupin, 1964; Truesdell and Noll, 1965, Sect. 98), provided they are of a grade not lower than the
order of the highest displacement gradient occurring in the constraint equation (see Lembo and Podio-Guid-
ugli, 2000, 2001; Carillo et al., 2002). For nonsimple materials of second grade – brieﬂy, for second-grade mate-
rials – in addition to the ordinary stress S, a hyperstress S is considered, under form of a third-order tensorS ¼ Sijkei  ej  ek; ð44Þ
accordingly, the internal working per unit volume is given byS  ruþ S  rð2Þu ¼ Sijui;j þ Sijkui;jk:
Since the second-gradient tensor $(2)u is symmetric with respect to the last two indices, it is convenient to as-
sume that the hyperstress S has the same property:Sijk ¼ Sikj; or rather ðSa1Þa2 ¼ ðSa2Þa1 for all vectors a1; a2: ð45Þ
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also contact couples p per unit area; moreover, when oB consists in more than one smooth surface, forces per
unit length l may be applied to the curves serving as a common boundary for adjacent smooth parts of oB.5
The hyperstress contributes to the equilibrium equation, which now reads as follows:5 Oth
chooseDivðS DivSÞ þ d ¼ 0 in B; ð46Þ
where d is the distance force per unit volume acting onB. At regular points of oB, where the outer normal is n,
the boundary conditions are:Sn ðDivSÞn sDivðSnÞ ¼ c; ðSnÞn ¼ p; ð47Þ
in these equations, the divergence of the third-order tensor S is deﬁned to beDivS ¼ S;kek ¼ Sijk;kei  ej;
while sDiv(Sn) denotes the surface divergence of the second-order tensor Sn, deﬁned to besDivðSnÞ ¼ DivðSnÞ  ðSnÞ;nn;
where (Æ),n denotes the directional derivative in the direction n. At any point of a curve which is the intersection
of the boundaries of two adjacent smooth parts oBi and oBj of oB, the following condition prevails:ðSniÞbi þ ðSnjÞbj ¼ l; ð48Þ
where bi denotes the normal to the bounding curve in the tangent plane to oBi.
5.3. Second-grade materials subject to second-order constraints
When a second-grade material is internally constrained, the hyperstress (44) is split into the sum of active
and reactive parts:S ¼ SA þ SR:
The reactive hyperstress SR is assumed to do no work for each admissible second gradient of displacement:SR  rð2Þu ¼ 0; for each rð2Þu compatible with the constraints: ð49Þ
Accordingly, SR must belong to the orthogonal complement of the linear space where second gradients of dis-
placement, as well as the active hyperstress SA, take their values (the active hyperstress is customarily chosen
compliant with a normalization condition completely analogous to that stipulated for the active stress).
Eq. (30), when written in the equivalent formrð2Þu  ei  e3  e3 ¼ 0; i ¼ 1; 2; 3; ð50Þ
furnishes an example of nonsimple constraint of order two, namely, the requirement that ﬁbers parallel to the
e3-direction deform homogeneously. The corresponding reactive hyperstress turns out to beSR ¼ ciei  e3  e3; ð51Þ
where the three scalars ci are arbitrary, in the sense that they are not constitutively determined.
Remark. For a body made of a nonsimple material, a smooth simple constraint has diﬀerential consequences
that can legitimately be interpreted as nonsimple constraints in themselves. For instance, diﬀerentiation of the
inextensibility constraint (39) yields the additional nonsimple constraints
u ¼ 0; i ¼ 1; 2; 3;3;3ier types of loads could be considered, e.g., distance couples per unit volume of B. Here, as we do systematically in this paper, we
to leave out whatever feature is not essential to our current purposes.
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Combination of constraints (50) and (52) occurs in the Reissner–Mindlin plate theory. In view of the third of
(50), the additional nonsimple constraints induced by (39) are:rð2Þu  e3  ðea  e3 þ e3  eaÞ ¼ 0; a ¼ 1; 2: ð53Þ
The reactive hyperstress corresponding to the combined constraints (50) and (53) isSR ¼ ciei  e3  e3 þ gae3  ðea  e3 þ e3  eaÞ; ð54Þ
and depends on ﬁve arbitrary parameters.6. Transversely extensible plates: equilibrium
In this section, we resume our presentation of the theory of linearly elastic plates that obtains when the
admissible kinematics is the one discussed in Section 4 (see also DiCarlo et al., 2001). A side purpose we have
is to delineate by way of two signiﬁcant examples the deductive path sketched in Subsection 3.1.
6.1. Balance equations
We derive the balance equations of transversely extensible plates from one basic requirement: that the
three-dimensional virtual working principle for a simple material body C of cylindrical shape hold for all
plate-like partsP 
 C and for all virtual displacements v having the same form (31) as the admissible displace-
ments. Accordingly, we lay down the following virtual working equation:Z
P
S  rvdv ¼
Z
P
d  vdvþ
Z
oP
c  vda 8P 
 C; ð55Þwhere d are the distance forces per unit volume of P and c are the contact forces per unit area of oP, and
where the virtual displacements have the formvðxÞ ¼ v^ðpÞ þ x3wðpÞ: ð56Þ
By applying the divergence theorem and integrating over the thickness, the left and right sides of (55) – that is
to say, respectively, the internal and external virtual workings – become:Z
P
S  rvdv ¼ 
Z
T
sDivN  v^þ ðsDivM Ne3Þ  wð Þdaþ
Z
oT
ðNn  v^þMn  wÞds; ð57ÞZ
P
d  vdvþ
Z
oP
c  vda ¼
Z
T
ðq  v^þ t  wÞdaþ
Z
oT
ðf  v^þm  wÞds: ð58ÞRecall from (29) that P ¼T  h;þh½; here s denotes arc length along the plane curve oT, and n = n(s) is
the unit normal to oT lying in the plane x3 = 0. The resultant force N = N(p) and the resultant moment
M =M(p) are the tensor ﬁelds over S deﬁned byN ¼ Nijei  ej :¼
Z þh
h
S dx3; M ¼ Mijei  ej :¼
Z þh
h
x3S dx3; ð59Þmoreover, sDiv(Æ) = (Æ),aea. The vector ﬁelds q = q(p) and t = t(p) are the distance force and the distance couple
per unit area of S, deﬁned byq ¼ qiei :¼
Z þh
h
d dx3 þ cþ þ c; t ¼ tiei :¼
Z þh
h
x3d dx3 þ hðcþ  cÞ ð60Þwithcðx1; x2Þ :¼ cðx1; x2;hÞ: ð61Þ
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ﬁned byf ¼ fiei :¼
Z þh
h
cdx3; m ¼ miei :¼
Z þh
h
x3cdx3: ð62ÞIt follows from Eqs. (55), (57), and (58), thatZ
T
ðsDivN þ qÞ  v^þ ðsDivM Ne3 þ tÞ  wð Þda ¼
Z
oT
ððNn f Þ  v^þ ðMnmÞ  wÞds 8ðv^;wÞ; ð63Þwhence the plate equationssDivN þ q ¼ 0; sDivM Ne3 þ t ¼ 0 in S; ð64Þ
and the accompanying boundary conditionsðNn f Þ  v^ ¼ 0; ðMnmÞ  w ¼ 0 on oS: ð65ÞRemarks.
1. On deducing the ﬁeld Eq. (64) from (63), we have tacitly accepted the standard assumption that no conﬁne-
ment condition is assigned at any point of the top and bottom ends of C. Although removing this limitation
is feasible, this would only hinder the developments we are here interested in.
2. As is well known, the boundary conditions (65) signify that any complementary combination of components
of the pairs of vectors ðNn; u^Þ and (Mn,u) can be assigned at a point of oS; and that an assigned compo-
nent of Nn (Mn) must equal the corresponding component of the datum f (m). For u^0 and u0 the assigned
ﬁelds over oS corresponding to, respectively, u^ and u, we can rewrite (65) in the following form:ðNn f Þ  ðu^ u^0Þ ¼ 0; ðMnmÞ  ðu u0Þ ¼ 0 on oS: ð66Þ
3. As is also well known, the component h33i of M does not enter both the plate equations (64)2 and the
accompanying boundary conditions (65)2.6.2. Linearly elastic response. Equilibrium displacement ﬁelds
Constitutive equations must be chosen for both N andM in order to obtain displacement ﬁelds of the form
(31) consistent with the equilibrium equations (64) and the boundary conditions (65). From deﬁnitions (59),
with the help of the three-dimensional constitutive Eq. (41)2 and the expression (33) for the strain, we have
thatN ¼
Z h
h
Cdx3
 
½Eð0Þ ¼: N½Eð0Þ; ð67Þ
M ¼
Z h
h
x23Cdx3
 
½Eð1Þ ¼:M½Eð1Þ; ð68Þwhence the deﬁnitions of the plate elasticity tensors N and M.
We assume that the material comprising C is transversely isotropic in a manner coherent with the cartesian
structure of C, in the sense that the axis of rotational symmetry is parallel to e3. Consequently, we write the
elasticity tensor C in a form parametrized by the ﬁve material moduli k, k^, ~k, l and l^:C ¼ kPS  PS þ k^Pn  Pn þ ~kðPS  Pn þ Pn  PSÞ þ 2lPS þ 2l^Pn; ð69Þ
wherePS ¼ ea  ea; Pn ¼ e3  e3 ð70Þ
M. Lembo, P. Podio-Guidugli / International Journal of Solids and Structures 44 (2007) 1337–1369 1351are complementary perpendicular projections onto the space of three-dimensional vectors, and wherePS ¼ e1  e1  e1  e1 þ e2  e2  e2  e2
þ 1
2
ðe1  e2 þ e2  e1Þ  ðe1  e2 þ e2  e1Þ;
Pn ¼ 12ðea  e3 þ e3  eaÞ  ðea  e3 þ e3  eaÞ
ð71Þare perpendicular projections on Sym.
In conclusion, the ﬁeld equations (64) and the boundary conditions (66) take the following forms, which
determine the pair ðu^;uÞ of the equilibrium displacement ﬁelds:
in S,sDivN½Eð0Þðu^;uÞ þ q ¼ 0;
sDivM½Eð1ÞðuÞ N½Eð0Þðu^;uÞe3 þ t ¼ 0;
ð72Þon oS,ðN½Eð0Þðu^;uÞn f Þ  ðu^ u^0Þ ¼ 0;
ðM½Eð1ÞðuÞnmÞ  ðu u0Þ ¼ 0:
ð73Þ6.3. Reissner–Mindlin plates
The Reissner–Mindlin plate theory falls within our deductive scheme, provided the virtual displacements
are restricted to have the formvðxÞ ¼ v^ðpÞ þ x3waðpÞea; ð74Þ
consistent with the form assumed for the admissible displacements, that is to say, the form (31) with the
restriction (40). As a consequence of adopting less rich a kinematics, only ﬁve scalar equilibrium equations
are obtained from the three-dimensional virtual working principle, namely, the three equations equivalent
to (64)1 and the ﬁrst two components of (64)2; in addition, we have the consistency condition thatt3 ¼ 0 in S: ð75Þ
In view of (40) and (75), the deﬁnitions (59)2, (60)2 and (62)2 of M, t and m are replaced by, respectively,M ¼ Mabea  eb :¼
Z h
h
Sabx3 dx3
 
ea  eb;
t ¼ taea :¼
Z h
h
dax3 dx3 þ hðcþa  ca Þ
 
ea;
m ¼ maea :¼
Z h
h
cax3 dx3
 
ea;
ð76Þmoreover, the boundary condition (65)2 reduces to two scalar equations.
As anticipated in closing Section 4, in the Reissner–Mindlin theory the constraint of homogeneous defor-
mations in the e3-direction is associated with that of inextensibility in the same direction, speciﬁed by (42).
This simple constraint restricts the admissible strains to be those in the spaceD ¼ Sym n spanfe3  e3g
(here the backslash denotes the operation of set diﬀerence). To comply with the requirement of being a linear
transformation of D into itself, the elasticity tensor of a transversely isotropic material subject to the con-
straint of inextensibility in the e3-direction must have the formC ¼ kPS  PS þ 2lPS þ 2l^Pn; ð77Þ
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1 m2 mPS  PS þ ð1 mÞPSð Þ þ 2l^Pn: ð78ÞThe nonnull components of this elasticity tensor are:C1111 ¼ C2222 ¼ E
1 m2 ; C1122 ¼ C2211 ¼
Em
1 m2 ;
C1212 ¼ C1221 ¼ C2112 ¼ C2121 ¼ E
2ð1þ mÞ ¼ l;
C1313 ¼ C1331 ¼ C3113 ¼ C3131 ¼ C2323 ¼ C2332 ¼ C3223 ¼ C3232 ¼ l^:
ð79ÞRemark. We pause to recall that the cartesian components of any fourth-order tensor A are:Aijhk :¼ ei  ej A½eh  ek:
It follows from this deﬁnition that the nonnull components of the elasticity tensor C speciﬁed by (69)–(71) are:
^C1111 ¼ C2222 ¼ kþ 2l; C1122 ¼ C2211 ¼ k; C3333 ¼ k;
C1133 ¼ C3311 ¼ C2233 ¼ C3322 ¼ ~k;
C1212 ¼ C1221 ¼ C2112 ¼ C2121 ¼ l;
C1313 ¼ C1331 ¼ C3113 ¼ C3131 ¼ C2323 ¼ C2332 ¼ C3223 ¼ C3232 ¼ l^:
ð80ÞThe corresponding stress components are:S11 ¼ ð2lþ kÞE11 þ kE22 þ ~kE33;
S22 ¼ kE11 þ ð2lþ kÞE22 þ ~kE33;
S33 ¼ ~kðE11 þ E22Þ þ k^E33;
S12 ¼ 2lE12; S23 ¼ 2l^E23; S31 ¼ 2l^E31:
ð81ÞThese formulae make evident in what sense an isotropic material is a special member of the transversely iso-
tropic class: isotropy is recovered when~k ¼ k; k^ ¼ kþ 2l; l^ ¼ l; ð82Þ
in general, however, the in-plane shearing modulus l and the transverse shearing modulus l^ need not to be equal,
and the same is true in the case of transverse inextensibility. We conclude that the assumption of transverse
isotropy dispenses us from ﬁnding a reasonable motivation to introduce a shear correction factor, deﬁned as
the ratio of l^ to l. If the three-dimensional material response is taken general enough, there is no need for any
correction; the factor entering the standard derivations of the Reissner–Mindlin theory should be regarded as
an ingenious artifact that compensates for the mutual inconsistency of isotropy and the basic kinematical An-
satz (Podio-Guidugli, 1989).
Resuming now our deduction of the Reissner–Mindlin plate equations, we note that, with (79), (41)2, and
(36)–(38), we have that:SA11 ¼
E
1 m2 ðu^1;1 þ mu^2;2Þ þ x3
E
1 m2 ðu1;1 þ mu2;2Þ;
SA22 ¼
E
1 m2 ðu^2;2 þ mu^1;1Þ þ x3
E
1 m2 ðu2;2 þ mu1;1Þ;
SA12 ¼
E
2ð1þ mÞ ðu^1;2 þ u^2;1Þ þ x3
E
2ð1þ mÞ ðu1;2 þ u2;1Þ;
SA31 ¼ l^ðu1 þ u^3;1Þ; SA23 ¼ l^ðu2 þ u^3;2Þ;
ð83Þ
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1 m2 ðu^1;1 þ mu^2;2Þ; N 22 ¼ 2h
E
1 m2 ðu^2;2 þ mu^1;1Þ;
N 12 ¼ 2h E
2ð1þ mÞ ðu^1;2 þ u^2;1Þ;
N 3a ¼ 2hl^ðua þ u^3;aÞ;
M11 ¼ Dðu1;1 þ mu2;2Þ; M22 ¼ Dðu2;2 þ mu1;1Þ;
M12 ¼ 1
2
Dð1 mÞðu1;2 þ u2;1Þ:
ð84ÞThe ﬁeld equations ruling in-plane deformations, namely,E
1 m2 ðu^1;1 þ mu^2;2Þ;1 þ
E
2ð1þ mÞ ðu^1;2 þ mu^2;1Þ;2 þ
q1
2h
¼ 0;
E
2ð1þ mÞ ðu^1;2 þ mu^2;1Þ;1 þ
E
1 m2 ðu^2;2 þ mu^1;1Þ;2 þ
q2
2h
¼ 0;follow from inserting the ﬁrst three of (84) into the ﬁrst two cartesian components of the balance equations
(64)1. When the remaining four relations in (84) are inserted into the third component of balance equations
(64)1 and the ﬁrst two components of balance equations (64)2, the ﬁeld equations ruling ﬂexural deformations
according to the Reissner–Mindlin plate theory ensue:2hl^ ðu1 þ u^3;1Þ;1 þ ðu2 þ u^3;2Þ;2
 
þ q3 ¼ 0;
D ðu1;1 þ mu2;2Þ;1 þ 12ð1 mÞðu1;2 þ u2;1Þ;2
 
 2hl^ðu1 þ u^3;1Þ þ t1 ¼ 0;
D 1
2
ð1 mÞðu1;2 þ u2;1Þ;1 þ ðu2;2 þ mu1;1Þ;2
 
 2hl^ðu2 þ u^3;2Þ þ t2 ¼ 0:A component-free version of these equations is:2hl^ðDu^3 þDivuÞ þ q3 ¼ 0;
1
2
Dðð1 mÞDuþ ð1þ mÞrðDivuÞÞ  2hl^ðru^3 þ uÞ þ t ¼ 0:
ð85ÞThe equilibrium equations (2) and (3) for a circular plate with center-symmetric data (Subsection 3.3) obtain
when the symmetry inherent to the problem is taken into account by looking for solutions of system (85) hav-
ing the following form:u^3 ¼ uðrÞ; u ¼ uðrÞerð#Þ
(cf. the representation (5) of the corresponding three-dimensional displacement ﬁeld).
7. Active stress ﬁelds in plate-like bodies
Suppose that a plate problem of type (72, 73) has been solved for the equilibrium displacement ﬁelds ðu^;uÞ
in S, and that the corresponding displacement ﬁeld u in a right cylinder C of cross-section S and height 2h
has been calculated, by means of relation (31). Then, from the displacement ﬁeld u, the strain ﬁeld E in C fol-
lows via (7). Furthermore, the three-dimensional constitutive relations (69)–(71) deliver the active stress ﬁeld
SA in C; in view of Eqs. (33) and (41)2, such ﬁeld can be written asSAðxÞ ¼ SAð0ÞðpÞ þ x3SAð1ÞðpÞ with SAð0Þ ¼ C½Eð0Þ; SAð1Þ ¼ C½Eð1Þ: ð86Þ
Just as we did in Subsection 3.4 for Reissner–Mindlin states, we have constructed a constitutively determined
elastic state {u,E,SA} for the cylinder C, corresponding to the solution of a given plate problem. We are now
in a position to answer in a more general form a question we answered in the special context of Section 3: what
are the distance loads and the boundary data for the equilibrium problem(s) posited on C corresponding to the
elastic state {u,E,SA}?
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respectively:dSA ¼  sDivSAð0Þ þ SAð1Þe3 þ x3sDivSAð1Þ
 
in C; ð87Þ
cSA ¼ SAð0Þnþ x3SAð1Þn in oC: ð88ÞWe see from (87) that the stress SA can balance pointwise only external distance loads of the restricted typedðxÞ ¼ dð0ÞðpÞ þ x3dð1ÞðpÞ in C; ð89Þ
provided the ﬁelds d(0), d(1) are chosen as follows:dð0Þ ¼  sDivSAð0Þ þ SAð1Þe3
 
; dð1Þ ¼ sDivSAð1Þ in S: ð90ÞMoreover, it follows from (88), when applied to the top and bottom ends of C, thatcSA ¼ SAð0Þe3 þ hSAð1Þe3 in S: ð91Þ
To balance pointwise such internal contact actions, the external loads c± on C’s ends must have the following
form:cþ ¼ SAð0Þe3 þ hSAð1Þe3; c ¼ SAð0Þe3 þ hSAð1Þe3 in S: ð92Þ
Another consequence of (88) is that cSA ¼ c pointwise over the mantleM of C only if the external loads have
there the form:cðxÞ ¼ cð0ÞðpÞ þ x3cð1ÞðpÞ for p þ x3e3 ¼ x 2M ð93Þ
withcð0Þ ¼ SAð0Þn; cð1Þ ¼ SAð1Þn on oS: ð94Þ
We recall that displacement data should be assigned only on the mantle of C (cf. the ﬁrst remark at the end of
Subsection 6.1). To be consistent with the representation (31) for the displacement ﬁeld u in C, a vector ﬁeld
u0(x) over M specifying the displacement data should have the following form:u0ðxÞ ¼ u^0ðpÞ þ x3u0ðpÞ for ðp; x3Þ 2 oS ½h;þh: ð95Þ
Consequently, displacement boundary conditions, if any, must consist in requiring that certain components
of u^ and u^0, and/or of u and u0, be equal on a subset of oS. To see what complementing combinations of
components of the displacement and contact action ﬁelds can be assigned at a point ofM, we imagine to write
the virtual working principle (55) and (56) for: S = S(A); d as in (89); c equal to c± on the top and bottom ends
of C; and c of the form (93) over M. Then, an easy manipulation permits us to deduce thatðSAð0Þn cð0ÞÞ  ðu^ u^0Þ ¼ 0; ðSAð1Þn cð1ÞÞ  ðu u0Þ ¼ 0 on oS ð96Þ
(cf. conditions (66)).
To sum up, once a plate problem is solved in S and the corresponding constitutively determined elastic
state in C is constructed, we have a class of equilibrium problems formulated over the cylinder C, for all of
which the distance loads are speciﬁed pointwise by (89) and (90), and the end loads by (92); as to the boundary
data over the mantle, any choice such as to satisfy (96) is feasible.
Conversely, for given distance loads d of the form (89), top and bottom loads c+ and c, and mantle data of
forms (93), (95) consistent with (96), we can search for a pair u^;u of equilibrium ﬁelds over S by solving
sequentially two boundary-value problems over S, the ﬁrst for u:sDivSAð1Þ þ dð1Þ ¼ 0 in S; ð97Þ
ðSAð1Þn cð1ÞÞ  ðu u0Þ ¼ 0 on oS; ð98Þ
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; ð99Þthe second for u^:sDivSAð0Þ þ dð0Þ þ ð2hÞ1ðcþ þ cÞ ¼ 0 in S; ð100Þ
ðSAð0Þn cð0ÞÞ  ðu^ u^0Þ ¼ 0 on oS; ð101ÞwithSAð0Þ ¼ C½12ðu^;a  ea þ u e3 þ ea  u^;a þ e3  uÞ: ð102ÞRemarks.
1. Note that relations (92) can be equivalently written asSAð0Þe3 ¼ 12ðcþ  cÞ; hSAð1Þe3 ¼ 12ðcþ þ cÞ in S:
With this, on recalling the deﬁnitions (59) for the resultant moment and the resultant force, we see that Eqs.
(97) and (100) coincide, respectively, with the plate equations (64)2 and (64)1, provided the applied distance
couple and distance force are taken to bet ¼ 2h
3
3
dð1Þ þ hðcþ  cÞ; q ¼ 2hdð0Þ þ cþ þ c:2. It is not diﬃcult to obtain the explicit form of the partial diﬀerential equations that determine u and u^ in the
case of a transversely extensible material. Substitution of (69) into (86) yields the following cartesian com-
ponents of the active stress tensor:SA11 ¼ SAð0Þ11 þ x3SAð1Þ11
¼ ðkþ 2lÞu^1;1 þ ku^2;2 þ ~ku3 þ x3ððkþ 2lÞu1;1 þ ku2;2Þ;
SA12 ¼ SAð0Þ12 þ x3SAð1Þ12 ¼ lðu^1;2 þ u^2;1Þ þ x3lðu1;2 þ u2;1Þ;
SA13 ¼ SAð0Þ13 þ x3SAð1Þ13 ¼ l^ðu^3;1 þ u1Þ þ x3l^u3;1;
SA22 ¼ SAð0Þ22 þ x3SAð1Þ22
¼ ku^1;1 þ ðkþ 2lÞu^2;2 þ ~ku3 þ x3ðku1;1 þ ðkþ 2lÞu2;2Þ;
SA23 ¼ SAð0Þ23 þ x3SAð1Þ23 ¼ l^ðu^3;2 þ u2Þ þ x3l^u3;2;
SA33 ¼ SAð0Þ33 þ x3SAð1Þ33
¼ ~kðu^1;1 þ u^2;2Þ þ k^u3 þ x3~kðu1;1 þ u2;2Þ:
With the use of these relations, Eq. (97) becomes lua;bb þ ðkþ lÞub;ba
  ¼ dð1Þ  ea ða ¼ 1; 2Þ;
 l^u3;bb ¼ dð1Þ  e3;
likewise, Eq. (100) becomes lu^a;bb þ ðkþ lÞu^b;ba
  ¼ ð~kþ l^Þu3;a þ dð0Þ  ea ða ¼ 1; 2Þ;
 l^u^3;bb ¼ ð~kþ l^Þub;b þ dð0Þ  e3:
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Given a three-dimensional problem for a plate-like body, much detail in the assignment of data gets inev-
itably lost when a corresponding plate problem is formulated, because plate kinematics is always somehow
restricted: whatever the plate theory, one and the same plate problem corresponds to a large class of ‘‘statically
equivalent’’ three-dimensional equilibrium problems. Consequently, it is to be expected that the three-dimen-
sional active stress ﬁeld obtained from a plate solution will not satisfy either the equilibrium equations or the
traction boundary conditions, or both, except in the rather special cases discussed in the previous section. To
medicate the equilibrium injuries generally inevitable when sticking to the outcome of the accepted kinemat-
ical Ansatz, the admissible reactive stress ﬁelds can help. We now show how and why.
8.1. Constrained second-grade materials for plate-like bodies
ForT :¼ S DivS
the (not necessarily symmetric) modiﬁed stress that in the theory of second-grade materials replaces the stan-
dard symmetric stress into the pointwise equilibrium equation (46), letT ¼ TA þ TR
withTA :¼ SA DivSA and TR :¼ SR DivSR ð103Þ
the active and reactive parts of T.
Consider a transversely extensible plate-like body C made of a special transversely isotropic second-grade
material, whose stress is purely active, and is delivered by the mapping (41)2, with the elasticity tensor speciﬁed
by the constitutive Eqs. (69)–(71); and whose hyperstress is purely reactive, and has the form (51). Then,T ¼ SA DivSR ¼ SA  ci;3ei  e3 ð104Þ
with½TA ¼
SA11 S
A
12 S
A
13
 SA22 SA23
  SA33
2
64
3
75; ½TR ¼
0 0 c1;3
0 0 c2;3
0 0 c3;3
2
64
3
75: ð105ÞConsider next a transversely inextensible plate-like body C made by such a second-grade material that the
stress has both an active part, speciﬁed by (77), and a reactive part, speciﬁed by (43); and that the purely reactive
hyperstress has the form (54). In this case,T ¼ SA þ SR DivSR ¼ SA  ca;3ea  e3 þ ðr c3;3  ga;aÞe3  e3  ga;3e3  ea ð106Þ
with½TA ¼
SA11 S
A
12 S
A
13
 SA22 SA23
  0
2
64
3
75; ½TR ¼
0 0 c1;3
0 0 c2;3
g1;3 g2;3 r c3;3  ga;a
2
64
3
75: ð107ÞRemarks.
1. A glance to Eqs. (104) and (106) reveals that, for the modiﬁed stress to be symmetric, it is necessary and
suﬃcient thatca;3 ¼ 0 in the extensible case; ð108Þ
ðca  gaÞ;3 ¼ 0 in the inextensible case: ð109Þ
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posed as a matter of convenience.
2. Comparison of Eqs. (105) and (107) shows that addition of the simple constraint (39) to the second-order
constraint (50) both reduces to ﬁve the nonnull distinct components of the active stress and enriches the
structure of the internal reactions, now depending on six scalar parameter ﬁelds instead of three. Note also
that the active stress is delivered by a constitutive mapping which is diﬀerent in the two cases, if not for
other reasons because the domain D is diﬀerent.
Interestingly, when a plate-like body is thought of as made of either the one or the other constrained sec-
ond-grade material just considered, the plate equations for the ﬁelds ðu^;uÞ are the same as those holding for a
plate-like body made of a simple material whose active stress is delivered by the appropriate mapping of type
(41)2, that is to say, with the elasticity tensor speciﬁed by either (69)–(71) or (77).
To show that this holds true, we write the principle of virtual working for a typical part P of a plate-like
body C made of a second-grade material:6 In
Thus,
7 It f
moreo
The laZ
P
S  ruþ S  rð2Þu dv ¼ Z
P
d  vdvþ
Z
oP
c  vdaþ
Z
N
p  v;n daþ
Z
oT
ðlþ  vþ þ l  vÞds; ð110ÞhereN ¼ oT ½h;þh denotes the mantle of P, v is a virtual displacement of the type (56) and the loads c,
p, and l are given in terms of S and S by (47) and (48). Note that we have assumed here that the loads applied
on the boundary oC of C are those allowed in the theory of simple materials; consequently, the couples per
unit area p vanish on S, and the forces per unit length l may act only on the curves bounding the end faces
of proper parts of C. In view of (49) and the fact that, in the present circumstances, S = SR , the left member of
(110) reduces to the internal working (57). As to the right member, the termZ
N
p  v;n davanishes;6 moreover,Z
oP
c  vdaþ
Z
oT
ðlþ  vþ þ l  vÞds ¼
Z
T
ðcþ  vþ þ c  vÞdaþ
Z
oT
Z þh
h
SAn  vdx3
 
ds:7Hence, the right side reduces to the external working (58), wheref ¼
Z þh
h
SAndx3; m ¼
Z þh
h
x3S
Andx3 on oT(on oS, f and m have again the expressions (62)).view of (51) and (54), for both transversely extensible and transversely inextensible plate-like bodies, one ﬁnds that
ðSReaÞeb ¼ 0; a; b ¼ 1; 2:
since the normal toN is n = naea, one concludes that
p ¼ ðSRnÞn ¼ 0 on N:
ollows from (45), (51) and (54) that, onN,
ðDivSÞn ¼ sDivðSnÞ ¼ ðSnÞ;3e3; ðHÞ
ver, by (51), (54), (56) and (74),
ðSnÞ;3e3  v ¼ ððSnÞe3  vÞ;3:
st two results, together with (45), (47) and (48), imply that
lþ  vþ þ l  v ¼
Z þh
h
ðSAn cÞ  vdx3:
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The pointwise equilibrium equations for a plate-like body made of a simple material are:DivS þ d ¼ 0 in C; ð111Þ
Se3 	 c ¼ 0 on S; ð112ÞandðSðxÞnðpÞ  cðxÞÞ  eiðpÞ ¼ 0 on M ð113Þ
for x = p + x3e3, x3 2 ]h,+h[, and p any point of oS where one or more than one of the components c  ei are
assigned, for the index i ranging in a possibly p-dependent subset of {1,2,3}, and with eiðpÞ denoting a vector
of the orthonormal triad n(p), e3 · n(p), and e3.
For the given distance and contact loads (d,c), solving the plate equations (72) allows for a construction of
the active stress ﬁeld SA in C; such ﬁeld, however, as we have already pointed out, in general does not satisfy
everywhere Eqs. (111)–(113). On the other hand, if C is thought of as made of a transversely extensible, con-
strained second-grade material whose modiﬁed total stress T has the form (104), then it is not diﬃcult to see
that the general equilibrium equations (46) and (47) for second-grade materials reduce to the following point-
wise equilibrium equations:ci;33ei ¼ DivSA þ d in C; ð114Þ
ðci;3Þei ¼ SA

e3 	 c; ci ei ¼ 0 on S; ð115Þand again (113), with S replaced by SA. Thus, while the reactive hyperstress ﬁeld is of no help as to satisfying
the traction condition (113) at points of the mantle, we see that a suitable choice of the scalar ﬁelds ci would
allow to satisfy both (114) and the ﬁrst two of (115) whatever the assigned loads (d,c) in the interior and on the
ends of the plate-like body C. In fact, the solution of problem (114) and (115) is the outcome of two successive
thickness integrations of (114), with the use of those of conditions (115) which are relative to S. One ﬁrst
ﬁnds:ci;3ei ¼ ðSAe3 þ cÞ þ
Z x3
h
ðDivSA þ dÞdf; ð116Þthenciei ¼ ðx3 þ hÞðSAe3 þ cÞ þ
Z x3
h
ðx3  fÞðDivSA þ dÞdf ð117Þ(with the use of the equilibrium equation (64), it can be shown that relations (116) and (117) are consistent
with conditions (115) relative to Sþ). We conclude that the eﬀective reactive stress TR at equilibrium must
have the following form:TR ¼  ðSAe3 þ cÞ þ
Z x3
h
ðDivSA þ dÞdf
 
 e3:8.3. Reactive ﬁelds in a transversely inextensible plate-like body
The more the reactive ﬁelds at our disposal, the better we can satisfy the pointwise equilibrium conditions
involving the applied loads. For a transversely inextensible plate-like body of the type introduced in Subsec-
tion 8.1, the modiﬁed total stress is given by relations (106). Therefore, the pointwise equilibrium equations
replacing (114) and (115) are, respectively,ci;33ei þ ð2ga;a  rÞ;3e3 ¼ DivSA þ d in C; ð118Þ
andðca;3Þea þ ðc3;3 þ 2ga;a  rÞe3 ¼ SA

e3 	 c; ci ei ¼ 0 on S: ð119Þ
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Thus,2ga;3ðxÞnaðpÞd3i ¼ ðSAðxÞnðpÞ  cðxÞÞ  eiðpÞ for p þ x3e3 ¼ x 2M: ð120Þ
As was the case for (113), conditions (120) apply at each point p 2 oS where some of the components c  ei are
assigned, with the index i ranging in a possibly p-dependent subset of {1,2,3}; the reactive ﬁeld appears only in
the third one, which reads:2ga;3ðxÞnaðpÞ ¼ SA3aðxÞnaðpÞ  c3ðxÞ for p þ x3e3 ¼ x 2M; ð121Þ
at the mantle’s boundary, the following conditions prevail:gana ¼ 0 on oS: ð122Þ
On taking into account those of the boundary conditions (119) which are relative to S, iterated thickness
integration of Eq. (118) restitutes for the ﬁelds ca the expressions given by the ﬁrst two of relations (117).
For c3, one ﬁndsc3 ¼ ðx3 þ hÞðSAe3 þ cÞ3 þ
Z x3
h
ðr 2ga;aÞdfþ
Z x3
h
ðx3  fÞðDivSA þ dÞ3 df; ð123Þwhere, in view of (121) and the condition (122) relative to oS, the functions ga are such thatgana ¼
1
2
Z x3
h
ðSA3ana  c3Þdf on M; ð124Þand where the ﬁeld r satisﬁes the following condition:Z þh
h
ðr 2ga;aÞdf ¼ 0: ð125ÞUsing Eqs. (64) and (125) it is possible to verify the consistency of the expressions (117)1,2 for ca and (123) for
c3 with the condition (119)2 relative toS
þ; moreover, consistency of (124) with the condition (122) relative to
oSþ requires thatZ þh
h
ðSA3ana  c3Þdf ¼ 0;which is granted, under the current assumptions.8
It follows from (107)2, (118), and (119)1 that the reactive stress T
R veriﬁes the equilibrium equations point-
wise in the interior of C and on its end faces S. On the mantle,TRn ¼ ga;3nae3;
by (121), we have that (TRn)3, the only nonnull component of this vector, must be such thatðTRnÞ3 ¼ 12ðSAn cÞ3:
Thus, on M the boundary conditions are veriﬁed only in terms of resultants (unless, of course, SAn = c).see that the last assertion holds true, use (47)1 and (w) in the preceding footnote to deduce that
SAn c ¼ ðDivSÞnþ sDivðSnÞ ¼ 2ððSnÞe3Þ;3:
on the mantle,Z þh
h
ðSAn cÞdf ¼ 2
Z þh
h
ððSnÞe3Þ;3 df ¼ 2ððSnÞe3Þjþhh ¼ lþ þ l ¼ 0:
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In this section, in order to illustrate how the previous results can be used to improve the approximation of
the exact three-dimensional stress ﬁeld achievable by the use of a Reissner–Mindlin solution, we consider two
equilibrium problems for transversely isotropic plate-like bodies having the form of circular cylinders and
being subject to axially symmetric loads.
In both cases, we furnish an exact solution of the Reissner–Mindlin plate equations. In neither case the
active stress associated with the Reissner–Mindlin solution is such as to guarantee that the three-dimensional
equilibrium equations are everywhere satisﬁed pointwise.
In the ﬁrst problem, the cylinder is clamped all over the mantle and loaded by a uniformly distributed load.
We ﬁnd that the reactive stress associated with the simple constraint of inextensibility is insuﬃcient to com-
pensate the pointwise discrepancies with the three-dimensional equilibrium conditions; however, complete
compensation can be achieved by taking into account also the reactive hyperstress associated with the sec-
ond-order constraint of ﬁberwise homogeneous deformation.
The second example concerns a plate-like cylindrical body subject to the loads and the boundary conditions
required to have an exact Levinson-type three-dimensional solution (Levinson, 1985), a solution we work out in
Appendix. As we shall see shortly, consideration of the reactive hyperstress permits to satisfy the equilibrium
equations in the interior and on the end faces; on the mantle, a modiﬁed stress ﬁeld of the type introduced in
Subsection 8.1 can be chosen that yields a surface traction that, while not ﬁberwise equipollent to the Levinson
stress, is not pointwise equal to it.
The ﬁeld and boundary equations to be satisﬁed in order to ﬁnd the Reissner–Mindlin displacement solu-
tion to a center-symmetric plate problem has been given in Subsection 3.3; we here complement brieﬂy the
developments in that subsection, as well as those in Subsection 3.5. Just as we did there, we place the origin
o of a cylindrical frame with basis vectors er,e#, ez at the center of the circle S, the middle cross-section of a
cylinder C of height 2h. As to the external distance loads on C, we assume in what follows that the radial ones
are null and the axial ones are such that the induced distance loads on S consist only in a force q = qez, with
t = 0. For axisymmetric problems posited on C under such assumptions, the stress equilibrium equations (111)
take the form:Szr;r þ Szz;z þ r1Szr þ dz ¼ 0; ð126Þ
Srr;r þ Srz;z þ r1ðSrr  S##Þ ¼ 0; ð127Þas is well known, the components Sr# and S#z of S vanish identically, and all nonnull components are inde-
pendent of #. As to the displacement ﬁeld in C, we assume the Reissner–Mindlin representation (5); accord-
ingly, the corresponding strain is given by (8), and the corresponding active stress (9) is obtained by the use of
the constitutive equation (77). Under the present circumstances, the nonnull components of the stress resul-
tants (67) and (68) are, respectively, the shearNzr ¼ 2hl^ðu;r þ uÞ ð128Þ
and the bending momentsMrr ¼ D u;r þ r1mu
 
; M## ¼ D r1uþ mu;r
 
; ð129Þ
here D is the bending stiﬀness, given by (1). In terms of shear and bending moments, the plate equilibrium
equation (64) reduce to the form:Nzr;r þ r1Nzr þ q ¼ 0; ð130Þ
Mrr;r  Nzr þ r1ðMrr M##Þ ¼ 0 ð131Þ(note that the ﬁrst of these equations follows from Eq. (126) by mere thickness integration, and that the second
follows from (127), after multiplication by z and thickness integration). From (128)–(131) one obtains Eqs. (2)
(with t = 0) and (3) for the unknowns u and u.
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Let the cylinder C be acted upon by the following loads:d ¼ 0; c ¼ 0; cþ ¼ qez ð132Þ
with q a constant; moreover, let u = 0 onM. Thus, the plate modelling C is clamped all along its edge, and
loaded by q = qez and t = 0. Integration of Eqs. (2) and (3) with the boundary conditionsuðRÞ ¼ 0; uðRÞ ¼ 0;
yields (under the proviso that u and Mrr be bounded at r = 0):u ¼ q
8hl^
ðR2  r2Þ þ q
64D
ðR2  r2Þ2;
u ¼ q
16D
ðR2  r2Þr:As anticipated, the nonnull components of E follow from Eq. (8), and are:Err ¼ q
16D
ðR2  3r2Þz; E## ¼ q
16D
ðR2  r2Þz; Erz ¼  q
8hl^
r:Eq. (9) furnishes the nonnull components of the Reissner–Mindilin active stress ﬁeld SA  SRM:SArr ¼
3q
32h3
R2ð1þ mÞ  r2ð3þ mÞ z;
SA## ¼
3q
32h3
R2ð1þ mÞ  r2ð1þ 3mÞ z;
SArz ¼ SAzr ¼ 
qr
4h
:
ð133ÞWith (132)1 and (133), Eqs. (126) and (127) become, respectively, q
2h
¼ 0 and  3q
4h3
rz ¼ 0 at interior points of C; ð134Þmoreover, relations (132)2,3 and, again, (133) imply thatSAn ¼ 	 q
4h
rer on the end faces S
of C: ð135ÞThus, the ﬁeld SA cannot possibly satisfy the equilibrium equations. It is also clear that consideration of what-
ever reactive stress SR = rez  ez cannot be suﬃcient to restore equilibrium, because such stress ﬁeld would
enter only in Eq. (126). Yet, as we shall quickly see, pointwise equilibrium can be restored by taking into account
an appropriate hyperstress ﬁeld.
As is mandatory to preserve the desired axial symmetry, we begin by settingg# ¼ c# ¼ 0; ð136Þ
whence the following reduced form of (54):SR ¼ ðcrer þ czezÞ  ez  ez þ grez  ðer  ez þ ez  erÞ: ð137Þ
We determine what ﬁelds cr and cz to insert in the expression (137) for the reactive hyperstress from, respec-
tively, (117)1 and (123):crðr; zÞ ¼ ðzþ hÞ
q
4h
r  3q
4h3
r
Z z
h
ðz fÞfdf;
czðzÞ ¼ 
q
2h
Z z
h
ðz fÞdf:Finally, we choosegrðr; zÞ ¼ crðr; zÞ ð138Þ
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so thar ¼ 2gr;r: ð139Þ
With this, we have thatDivTR ¼ 3q
4h3
rzer þ q
2h
ez at interior points of C; ð140Þ
TRn ¼ q
4h
rer þ qez on Sþ; TRn ¼  q
4h
rer on S
 ð141Þ(here TR = DivSR, consistent with the last of (103)). Note that relations (136) and (138) guarantee that con-
dition (109) is satisﬁed, and hence the modiﬁed stress ﬁeld under construction is symmetric-valued.
Combining Eqs. (134), (135), (140), and (141), we conclude that the modiﬁed stress T = SA + TR satisﬁes
pointwise all equilibrium conditions, namely, (111) in C and the traction boundary condition Tn = c on oC.9
We then argue that the modiﬁed stress ﬁeld provides us with a better approximation than SA for the exact,
and unknown, stress ﬁeld S in the closure of S.
9.2. Simply supported plate subject to axially symmetric load
We now compare the stress ﬁeld for the three-dimensional equilibrium problem solved exactly in Appendix
with the approximate stress ﬁeld obtained by solving the corresponding plate problem within the Reissner–
Mindlin theory. Our purpose is the same as before: to show how much such an approximation can be
improved by taking into account the reactive stress ﬁelds.
Consider a cylinder C being simply supported, in the sense that the conditionuðR; #; zÞ  ez ¼ 0
holds on the mantle M; take the distance loads acting on C to be null:d ¼ 0;
as to the contact loads on the top and bottom ends, take:cþ ¼ c ¼ 1
2
qmJ 0ðjmrÞez; ð142Þwhere qm is a constant, J0 is the Bessel function of ﬁrst kind and order 0, and jm = im/R with im the mth po-
sitive zero of J0. Note that, for the equilibrium displacement to have the form proposed in Levinson (1985),
the mantle must be subject to the contact loadcð#; zÞ ¼ smðzÞerð#Þ
with sm speciﬁed by (A.16). In view of the parity properties of sm, we have thatZ þh
h
sm dz ¼ 0;we setZ þh
h
smzdz ¼ mmwith mm proportional to the load intensity qm.
In the corresponding Reissner–Mindlin model, the plate is subject to the distance forceq ¼ qðrÞez ¼ qmJ 0ðjmrÞez in Sfact, it turns out that
gr;rðr;hÞ ¼ gr;rðr;þhÞ ¼ 0;
t Tzz(r,±h) = cz,z(±h).
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The bounded solution (u,u) of system (2) and (3), compliant with the boundary conditionsuðRÞ ¼ 0; MrrðRÞ ¼ mm;
isu ¼ mm þ ð1 mÞqmRj3m
J 1ðjmRÞ
 
R2  r2
2Dð1þ mÞ þ
qm
j2m
1
2hl^
þ 1
Dj2m
 
J 0ðjmrÞ;
u ¼ mm
Dð1þ mÞ r þ
qm
Dj3m
ð1 mÞr
ð1þ mÞR J 1ðjmRÞ þ J 1ðjmrÞ
 
:When it comes to constructing, by the use of (9), the three-dimensional approximate stress ﬁeld SA corre-
sponding to the above plate solution, we ﬁnd thatSAn ¼ 	 qm
2hjm
J 1ðjmrÞer on S;whereas, ideally, we should have, in view of (142),SAn ¼ 1
2
qmJ 0ðjmrÞez on both Sþand S;and thatSAn ¼ 3mm
2h3
zer  qm
2hjm
J 1ðjmRÞez on M;whereas, again ideally, we should haveSAn ¼ smðzÞer þ kmðzÞez on M;
with sm and km speciﬁed, respectively, by (A.16) and (A.17). We also ﬁnd that, for S
A to satisfy the diﬀerential
system (126, 127) pointwise, the following conditions should hold whatever (r,z): 3qm
2h3jm
zJ 1ðjmrÞ ¼ 0;  qm
2h
J 0ðjmrÞ ¼ 0;which is impossible, for qm5 0.
We know from our general developments in Subsection 8.1 that we can correct the above poor approxima-
tion of the exact stress ﬁeld by replacing the active stress SA by the modiﬁed stress T = SA + TR, whereTR ¼ cr;zer  ez  gr;zez  er þ ðr gr;r þ cz;zÞez  ez
(cf. (106) and (136)). We shall choose the ﬁeld gr ﬁrst, then r, and then, ﬁnally, cr and cz.
The choice of gr is restricted by condition (124), with the appropriate expressions of S
A
zr and cz, and by (122).
We satisfy these restrictions by pickinggrðr; zÞ ¼ vðrÞ
J 1ðjmrÞ
2jm
 qm
2h
ðzþ hÞ þ W m k^pm;z þ j2m~kgm
h iz
h
 
; ð143Þwhere the auxiliary function v has constant value 2 in [0,R  e] and decays smoothly to 1 in]R  e,R] (our
reasons for introducing the auxiliary function v will be given in the next subsection, together with two possible
choices of it). Note thatgrðr;hÞ ¼ grðr;þhÞ ¼ 0; ð144Þ
becausek^pm;z þ j2m~kgm
h iþh
h
¼ c
þ
z ðrÞ þ cz ðrÞ
wmðrÞ ¼
qm
W m
:
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so that the balance equations (118), together with the boundary conditions (119), yield:crðr; zÞ ¼ 
qm
jm
J 1ðjmrÞ zþ h
2h
þ 3
2h3
Z h
h
ðz fÞfdf
 
;
czðr; zÞ ¼
qm
2
J 0ðjmrÞ zþ h 1h
Z h
h
ðz fÞdf
 
:
ð146ÞAs a consequence of (145) and (144), we have that:TRzz ¼ cz;z on S:
Moreover,DivTR ¼ 3qm
2h3jm
J 1ðjmrÞzer þ qm
2h
J 0ðjmrÞez in C;
TRn ¼ qm
jm
J 1ðjmrÞer þ qm
2
J 0ðjmrÞez on Sþ;
TRn ¼  qm
jm
J 1ðjmrÞer þ qm
2
J 0ðjmrÞez on S;
TRn ¼ 1
2
J 1ðjmRÞ qm
2hjm
 l^W mjmðpm  gm;zÞ
 
ez on M:Hence, the modiﬁed stress ﬁeld T satisﬁes pointwise the equilibrium equation (111) in C and the traction bound-
ary condition Tn = c on S; on the mantle, the tractionsTn ¼ T rrer þ T zrez ¼ SArrer þ ðSArz  gr;zÞez;
satisfy the following conditions:Z þh
h
T rr dz ¼ 0;
Z þh
h
T zrzdz ¼ 0;Z þh
h
T rrzdz ¼ mm;
Z þh
h
T zr dz ¼
Z þh
h
km dz;implying that onM the boundary conditions are veriﬁed, if not pointwise, at least in terms of resultants. Needless
to say, such modiﬁed stress approximates the exact stress much better than the Reissner–Mindlin active stress
alone. But, it is not symmetric: with the expressions of functions v and cr detailed in (143) and (146), the sec-
ond of conditions (109) cannot be satisﬁed. However, we shall see in the next subsection that the symmetry
discrepancy is numerically negligible.
9.3. Numerical results
With a view to give further evidence of the advantages in approximating the exact stress by the modiﬁed
stress rather than by the active stress, we present hereafter some computations and graphics that help visual-
izing, for the problem considered in the previous subsection, how much better the exact Levinson stress S is
approximated by the modiﬁed stress T we constructed than by the Reissner–Mindlin stress SA.
A ﬁrst point we wish to make is that the component TRzr of the reactive hyperstress ﬁeld should satisfy two
conditions, namely,TRzrðR; zÞ ¼ gr;zðR; zÞ ¼ 12 SrzðR; zÞ  SArzðR; zÞ
 
for z 2  h;þh½;
andTRzrðr; zÞ ¼ gr;zðr; zÞ ¼ Srzðr; zÞ  SArzðr; zÞ for ðr; zÞ 2 ½0;R½  h;þh½:
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the latter except in a boundary layer r 2 ]R  e,R[ that we can make as thin as we wish (in our computations
we shall take e = 0.05R). The analytical form of function v is conceptually irrelevant, provided it has constant
value 2 in [0,R  e] and decays smoothly to 1 in ]R  e,R]. As to approximating the stress ﬁeld, though, the
form of v may count, as it becomes clear when one evaluates T zz  TRzz. Fig. 3 shows the plot of Tzz(r,h/2) for
the C1 functionFig. 3.
q = 10vðrÞ ¼ 1þ ,ðxðrÞÞ ð147Þ
withxðrÞ ¼ eðr=R1Þ2eðr=Rþ1Þ2 if r 2 ½0;R ð148Þ
and,ðyÞ ¼
R y
0
kðnÞdnR d
0
kðnÞdn
; d ¼ xðR eÞ; kðnÞ ¼ e
ð2n=d2Þ2eð2n=dÞ
2
if n 2 ½0; d;
0 if n 62 ½0; d:
(
ð149ÞFig. 4 shows the graphic of the same stress component in the case one chooses for v the expressionvðrÞ ¼ 2 if r 2 ½0;R e;
,ðrÞ if r 2R e;R;

ð150Þwhere , is the ﬁfth-order polynomial,ðrÞ ¼ a0 þ a1r þ a2r2 þ a3r3 þ a4r4 þ a5r5; ð151ÞPlot of Tzz(Æ,h/2) vs. r for v as in (147)–(149). Here and for all the remaining ﬁgures, we have taken R = 1000 mm, h = e = 50 mm;
N/mm2; E = 2.06 · 105 N/mm2, m = 0.3; k^ ¼ 0:9ð2kþ lÞ, ~k ¼ 0:9k, l^ ¼ 0:9l.
Fig. 4. Plot of Tzz(Æ,h/2) vs. r for v as in (150)–(152).
Fig. 5. Fiber plot of the exact (solid line), modiﬁed (dots), and active (dashed line) stress components hrzi and hzri .
Fig. 6. Fiber plot of the exact (solid line) and modiﬁed (dots) stress components hzzi (the active stress component hzzi is everywhere null).
1366 M. Lembo, P. Podio-Guidugli / International Journal of Solids and Structures 44 (2007) 1337–1369whose coeﬃcients are determined by requiring that its graphic passes through points ðr ¼ R e; 2Þ and (R,1)
with null ﬁrst and second derivatives:a0 ¼ ð6r5 þ 15r4eþ 10r3e2 þ 2e5Þ=e5; a1 ¼ 30ðr4 þ 2r3eþ r2e2Þ=e5;
a2 ¼ 30ð2r2 þ 3r2eþ re2Þ=e5; a3 ¼ 10ð6r2 þ 6reþ e2Þ=e5;
a4 ¼ 15ð2r þ eÞ=e5; a5 ¼ 6=e5:
ð152ÞWith this second choice, as a comparison of Figs. 3 and 4 shows, the undesirable peak in Tzz(Æ,z) is substan-
tially smeared out and reduced in height.
To visualize how well the modiﬁed stress can match the exact stress, we have plotted the three stress com-
ponents hrzi, hzri, and hzzi, along various axial ﬁbers. For such components, the Reissner–Mindlin approx-
imation is especially crude: SAzrðr; Þ ¼ const: along each ﬁber, thus precluding satisfaction of the related
traction boundary conditions at z = ±h/2; and SAzzðr; Þ  0. In Figs. 5 and 6, we see that each of the exact Lev-
inson stress components is matched more than satisfactorily by the corresponding component of the modiﬁed
stress; in particular, although the modiﬁed stress components Trz and Tzr are not exactly equal, their values
turn out to diﬀer inappreciably everywhere along a ﬁber. Finally, we point out that, while Figs. 5 and 6 refer
to ﬁbers located at r = 3/4R, the same qualitative results are found for whatever value of r.
10. Conclusions
We believe that the virtual working format we here exploit has deﬁnite pedagogical merits, in that it yields
whatever theory of linearly elastic plates, classical or not, in a simple and direct way.
We also believe that we have demonstrated that, when making use of a plate theory to approximate the
stress ﬁeld in a plate-like body, there is often a lot to gain in taking into account the contribution of the
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placements. There is here a sort of trade-oﬀ, that comparison of transversely inextensible and transversely
extensible plate theories illustrates rather well: a cruder kinematics prohibits consideration of certain deforma-
tions but allows for more and more ﬂexible reaction ﬁelds, whence a better chance to approximate well the
exact, and generally unknown, stress ﬁeld and to match the given distance and contact loads pointwise.
Although we know of no computational code that does it, we deem it possible that algorithms accounting
for reactions in a systematic way turn out to be computationally advantageous. We also deem possible, as sug-
gested by a reviewer of a previous version of this paper, that our approximation method proves useful to
improve the predictions about the stress ﬁeld in the case of composite laminates.Acknowledgements
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Advanced Materials’’ (MRTN-CT-2004-505226).Appendix A. An exact solution of Levinson type for a transversely isotropic plate-like cylinder under axially
symmetric loads
In Levinson (1985), an exact three-dimensional solution was given for a simply supported, isotropic plate-
like body with rectangular cross-section, uniformly loaded over its top end. Levinson’s result was later
extended so as to hold for transversely isotropic materials (Pan, 1991) and for plate-like bodies of arbitrary
shape, subject to general loads (Nicotra et al., 1999); in particular, an explicit Levinson-type solution for a
circular cylinder made of an isotropic material was exhibited in Nicotra (2000). Extensions have been also
given to the piezoelectric case (Bisegna and Maceri, 1996), and to the dynamical case (Nicotra and Tiero,
2004). In all these works, the mechanical boundary condition has always been the one considered by Levinson,
namely, simple support over the whole cross-sectional contour. A further extension of Levinson’s result was
given in Nardinocchi and Podio-Guidugli (2003), where it is shown that a Levinson-type solution is possible
also when transverse sliding is allowed on the mantle, and when the cross-sectional contour is elastically
supported.
In this appendix, we determine an exact Levinson-type solution for the equilibrium of a simply supported
circular cylinder C, comprised of a transversely isotropic material and subject to null body forces and to trac-
tions c ¼ cz ez on S. Following Levinson, we take a displacement ﬁeld of the formuðr; #; zÞ ¼ pðzÞwðrÞez  gðzÞw;rðrÞerð#Þ; ðA:1Þ
where the functions p, g, and w are unknown (compare Levinson’s with Reissner–Mindlin’s kinematical An-
satz (5)). With (A.1), the nonnull strain and stress components are, respectively,Err ¼ gw;rr; E## ¼ r1gw;r;
Ezz ¼ p;zw; Erz ¼ 12ðp  g;zÞw;r;andSrr ¼ ðkþ 2lÞgw;rr  kr1gw;r þ ~kp;zw;
S## ¼ kgw;rr  ðkþ 2lÞr1gw;r þ ~kp;zw;
Szz ¼ ~kgðw;rr þ r1w;rÞ þ k^p;zw; Srz ¼ l^ðp  g;zÞw;r:
ðA:2ÞSubstitution of (A.2) into the equilibrium equations (127) and (126) yields ðkþ 2lÞðw;rrr þ r1w;rr  r2w;rÞg þ ðð~kþ l^Þp;z  l^g;zzÞÞw;r ¼ 0; ðA:3Þ
ðl^p  ð~kþ l^Þg;zÞðw;rr þ r1w;rÞ þ k^p;zzw ¼ 0: ðA:4Þ
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k^p;zz þ j2 ð~kþ l^Þg;z  l^p
 
¼ 0 ðA:6Þwith j2 a constant. Therefore, Eq. (A.3) can be written as:l^g;zz  j2ðkþ 2lÞg  ð~kþ l^Þp;z ¼ 0: ðA:7Þ
Eqs. (A.5)–(A.7) are accompanied by the displacement boundary conditionwðRÞ ¼ 0; ðA:8Þ
expressing the fact that C is simply supported, and by the traction boundary conditions on S: ðj2~kgðhÞÞ þ k^p;zðhÞÞw ¼ cz ; ðA:9Þ
pðhÞ  g;zðhÞ ¼ 0: ðA:10ÞSince the component Srr of S does not vanish on the mantle, a radial load s(z) = Srr(R,z) must be applied on
M. This is the rule with Levinson-type candidate solutions such as (A.1), except in the case studied by
Levinson himself, when C has a rectangular cross-section.
The bounded solutions of Eq. (A.5) have the formwðrÞ ¼ cJ 0ðjrÞ;
where J0 is the Bessel function of the ﬁrst kind and order 0, and c is a constant. Condition (A.8) becomesJ 0ðjRÞ ¼ 0;
and yields the admissible values of j:jm ¼ im=R;
where im are the positive zeros of J0. All in all, the solutions of (A.5) are:wmðrÞ ¼ W mJ 0ðjmrÞ; m ¼ 1; 2; . . . ðA:11Þ
with arbitrary constants Wm.
The system of equations (A.6) and (A.7) has the same solution set as the systemp;zzzz  sj2p;zz þ sj4p ¼ 0; ðA:12Þ
g ¼  l^
j4ð~kþ l^Þs p;zzz  j
2ðs sk^=l^Þp;z
 
; ðA:13Þwheres ¼ k^ðkþ 2lÞ 
~kð~kþ 2l^Þ
k^l^
; s ¼ ðkþ 2lÞ
k^
:Except when s2 ¼ 4s and s > 0, in which case the material comprising C is isotropic (Nicotra et al., 1999), the
integral of Eq. (A.12) is, for each value of jm,pmðzÞ ¼ a1m coshðb1mzÞ þ a2m sinhðb1mzÞ þ a3m coshðb2mzÞ þ a4m sinhðb2mzÞ; ðA:14Þ
withb1m ¼
jmﬃﬃﬃ
2
p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
sþ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
s2  4s
pq
; b2m ¼
jmﬃﬃﬃ
2
p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
s
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
s2  4s
pq
:Inserting the expression (A.14) for pm into (A.13) yields a corresponding expression for the function gm.
We choose the tractions on both end faces to becz ðrÞ ¼ 12qmJ 0ðjmrÞ; ðA:15Þ
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2
X1
m¼1
qmJ 0ðjmrÞ:It then follows from (A.9), (A.12), (A.13), and (A.15) that a2m = a4m = 0; hence, pm (gm) is an even (odd)
smooth function of z. Thus, in particular, we have from (A.1) and (A.11) thatumðr; #; 0Þ ¼ pmð0ÞW mJ 0ðjmrÞez;
so that there is no loss of generality in assuming thatpmð0Þ ¼ 1; m ¼ 1; 2; . . .
The remaining integration constants are determined by imposing the boundary conditions (A.9) and (A.10).
Finally, Eqs. (A1)1 and (A.11) imply that the radial load to be applied on the mantle is, for each m,smðzÞ ¼ 2R1ljmW mJ 1ðjmRÞgmðzÞ ðA:16Þ
with J1 the Bessel function of order 1. Moreover, the reaction along the mantle is km(z)ez, where, in view of
(A2)4 and (A.11),kmðzÞ ¼ l^ðpmðzÞ  gm;zðzÞÞW mjmJ 1ðjmRÞ: ðA:17Þ
It is not diﬃcult to verify thatR
Z þh
h
kmðzÞdz ¼
Z R
0
rðcþz þ cz ÞðrÞdr;so that the equilibrium of C is guaranteed.
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